Abstract. We apply the technique of complex paths to obtain Hawking radiation in different coordinate representations of the Schwarzschild space-time. The coordinate representations we consider do not possess a singularity at the horizon unlike the standard Schwarzschild coordinate. However, the event horizon manifests itself as a singularity in the expression for the semiclassical action. This singularity is regularized by using the method of complex paths and we find that Hawking radiation is recovered in these coordinates indicating the covariance of Hawking radiation as far as these coordinates are concerned.
Introduction
Quantum field theory(QFT) requires the notion of a time-like killing vector field to define particles. In Minkowski space-time existence of a global time-like killing vector, invariant under Lorentz transformation, allows us to identify a preferred vacuum state for the theory. Even in flat space-time, when curvilinear coordinate transformations are allowed there arises other possible killing vector fields which are time-like in part of the manifold. Particle states -in particular vacuum state -can be defined using these killing vector fields. In general, these definitions will not be equivalent and the Minkowski vacuum will appear to be a many particle state according to the new definition. For example, the vacuum state of the Minkowski observer appears to be a thermal state in the uniformly accelerated frame with a temperature given by T = g/2π (g is the constant acceleration).
In a general curved space-time, we may not have any time-like killing vector field and hence it is not always possible to identify a preferred set of positive frequency modes. In static space-times, which have a time-like killing vector, it is possible to define positive frequency modes. However in these space-times, there could arise more than one time-like killing vector field making the quantization in different coordinates (describing the same gravitational background) inequivalent. Hence, the concept of a particle is not generally covariant in curved space-times.
A spectacular prediction of quantum field theory in curved space-time is the Hawking radiation from a black hole. Hawking [2] showed that QFT in the background of a body collapsing to a black hole, of mass M , will lead, at late times, to a radiation of particles in all modes of the quantum field, with characteristic thermal spectrum at a temperature equal to (1/8πM ). It is generally believed that the pair production occurring near the horizon in the case of black holes is "real" with the mass of the black hole being converted into energy of the emitted particles.
But as mentioned in the earlier paragraphs, the concept of a particle in quantum field theory is not generally covariant and depends on the coordinates chosen to describe the particular space-time. It is therefore of interest to study the Hawking effect in other coordinate representations. The original method used by Hawking is closely tied to the standard Schwarzschild coordinate. Hawking's calculation of the particle creation amplitudes (and Bogolubov coefficients) requires the knowledge of the wave modes of the quantum field in the standard Schwarzschild coordinate. The solutions of the wave equation in the Schwarzschild coordinate system cannot be written down in terms of simple functions and hence, the calculation of Bogolubov coefficients to identify the spectrum of radiation becomes intractable. Hence, it is necessary to have a method which does not use wave modes to calculate the emission spectrum.
Hartle and Hawking [3] obtained particle production in the standard black hole space-times using a semiclassical analysis which does not require the knowledge of the wave modes. In this method, the semiclassical propagator for a scalar field propagating in the maximally extended Kruskal manifold is analytically continued in the time variable t to complex values. This analytic continuation gives the result that the probability of emission of particles from the past horizon is not the same as the probability of absorption into the future horizon. The ratio between these probabilities is of the form
where E is the energy of the particles and β −1 = (1/8πM ) is the standard Hawking temperature. The above relation is interpreted to be equivalent to a thermal distribution of particles in analogy with that observed in any system interacting with black body radiation. In this analysis, the probability amplitude for the emission/absorption is calculated by identifying a particular path for both these processes in the fully extended Kruskal manifold. Unfortunately, the Kruskal extension plays a vital role in obtaining the thermal spectrum in this analysis, and hence, it cannot be adapted to other coordinate systems.
In Ref. [4] , the authors have obtained Hawking radiation without using the Kruskal extension. They have shown that the coordinate singularity present at the horizon, in the standard Schwarzschild coordinate, manifests itself as a singularity in the expression for the classical action S 0 which occurs in the semiclassical propagator K(r 2 , t 2 ; r 1 , t 1 ), which is given by
S 0 is the action functional satisfying the classical Hamilton Jacobi (HJ) equation for a massless particle to propagate from (t 1 , r 1 ) to (t 2 , r 2 ) and N is the suitable normalization constant. The authors used the method of complex paths discussed in Ref. [5] where it is used to describe tunneling processes in non-relativistic semiclassical quantum mechanics. The method of complex paths used in ordinary quantum mechanics was modified appropriately to produce a prescription that regularizes the singularity in the action functional and Hawking radiation was recovered as a consequence. This method also provides a heuristic picture of Hawking radiation as tunneling. In this method, by construction, the in modes of the field is in the vacuum state and the tunneling process near the horizon produces a steady out-flux of radiation. The authors consider Unruh vacuum to define particles at future infinity.
(See for example, Refs. [6, 7] ).
In this work, we apply the method of complex paths to two non-static coordinate systems of the Schwarzschild space-time and obtain Hawking radiation. The two coordinate systems we consider are: Lemaitre coordinate (a time dependent system) and Painlevé coordinate (a stationary -but not a static -system). The Lemaitre coordinate being a time dependent system, suggests that there could be a genuine particle production. Hence, it is interesting to know what kind of particle spectrum is seen in this coordinate system. In the case of Painlevé coordinate, a priori it not clear whether there exists a genuine particle production! Also there has been a growing interest in the semiclassical treatment of Hawking radiation in the Painlevé metric (see Refs. [9, 10] ) in relation with the hydrodynamic analog models of event horizon. The hydrodynamic analog of an event horizon was suggested by Unruh [11] as a more accessible phenomenon which might shed some light on the Hawking effect and, in particular, on the role of ultra-high frequencies [12] . An event horizon for the sound waves appears in principle wherever there is a closed surface through which a fluid flows inwards at the speed of sound, the flow being subsonic on one side of the surface and supersonic on the other. There is a close analogy between sound propagation on a background hydrodynamic flow, and field propagation on a background in a curved space-time. Determining whether and how sonic black holes radiate sound, in a full calculation beyond the hydrodynamic approximation or in an actual experiment, can thus offer some suggestions about black-hole radiance and its sensitivity to ultra-high frequency physics. It is seen that for an irrotational fluid with constant density and sound speed with the fluid velocity v = 2Gm/r, then one can obtain a metric element which is conformal to Painlevé form of the Schwarzschild space-time. The acoustic horizon of this kind are of interest in understanding the role of ultra-high frequencies in the Hawking radiation.
In these two coordinate representations, Painlevé and Lemaitre, metric has no coordinate singularity at the horizon. We notice that the action function for a classical particle in both these coordinates acquires a singularity at the horizon. In Ref. [4] , it was shown that it is only the singularities that appear in the action that contribute to particle production. For the Lemaitre coordinate, the regularization of the singularity in action is achieved and the Hawking radiation is recovered without reference to the time dependent nature of the system. The same feature is seen even in the stationary system where the singularity represented by the horizon appears as a pole in the expression for the action and upon regularization by a suitable prescription gives Hawking radiation. The temperature associated with the radiation for both the coordinate representations is same as that obtained in the standard Schwarzschild coordinates. We would like to note the following: Even-though the action satisfies a generally covariant HJ equation, when one transforms coordinates, the action integral develops poles and this need to be interpreted. In the case of Kruskal coordinate, which is the maximal extension of Schwarzschild space-time, it is easy to show that the semiclassical action when expressed in terms of Kruskal coordinates does not contain the singularity. [The HJ equation (of a massless particle) when expressed in terms of the Kruskal coordinates (V, U, θ, φ) is of the form (∂S 0 /∂V ) 2 − (∂S 0 /∂U ) 2 = 0 (for S-wave i.e l = 0). The solution of the equation can be easily obtained and is given by
To our knowledge, the semi-classical treatment of Hawking radiation for the Lemaitre coordinate has not been performed in the literature. The semi-classical treatment of Hawking radiation for the Painlevé metric is obtained recently by Parikh and Wilczek [9] . The authors considered Hawking radiation as a pair creation outside the horizon, with the negative energy particle tunneling into the black hole. They have not considered the contribution of the tunneling of a particle from inside the horizon to outside the horizon to describe the Hawking radiation. Our approach is quite different and could be of more general validity.
Before proceeding to the technical aspects, it is necessary to outline certain conceptual issues regarding the emission spectrum from the black hole in different coordinate systems. The wave modes obtained using semiclassical techniques, in general, are the exact modes of the quantum system in the asymptotic regions. Thus, if the asymptotic structure of the space-time is different for any two coordinates, then the semiclassical wave modes associated with these two coordinate systems will themselves be different. Hence, the spectrum of the radiation emitted, if any, in these two coordinates, with different asymptotic structure, will be completely different. The Lemaitre coordinate can be modeled as that natural to a freely falling observer whose velocity at radial infinity is zero [for more discussion see Sec. (3.2)]. In the asymptotic past and future, the structure of these two coordinate systems are similar; suggesting that the asymptotic wave modes must be the same. In Sec. (4), we have shown that the spectrum of the particles emitted in the two coordinates, Painlevé and Lemaitre, is a thermal spectrum -same as in standard Schwarzschild.
Even though, the two coordinate systems, Painlevé and Lemaitre, possess no singularities at the horizon, the action function for a classical particle acquires singularity at the horizon. The results of Ref. [4] show that the contribution to the thermal radiation of the emitted particles is from the singularities. Thus, it suggests that the temperature associated with the thermal spectrum in these two coordinate systems, Painlevé and Lemaitre, should be the same as that of the standard Hawking temperature. The metric corresponding to the standard Schwarzschild coordinate is time reversal invariant, t → −t. However, the metric corresponding to the two coordinates, Painlevé and Lemaitre, are not time reversal invariant. The time reversal transformation in these cases correspond to a different physical situation. However, the line elements corresponding to these different physical situations are related to the standard Schwarzschild by a coordinate transformation [see Sec. (3) for more details].
The space-time structure of these two coordinates, Lemaitre and Painlevé , are best analyzed using R and T regions introduced by Novikov [16] . The analysis of the space-time structure of the two coordinates, Painlevé and Lemaitre, using R and T regions provides an elegant method in understanding the global structure of the space-time, thus making the detailed analysis of particle trajectories unnecessary. Using this analysis, we show that the part/whole of the Lemaitre/Painlevé manifold is doubly mapped w.r.t the standard Schwarzschild space-time. We find that the complex paths we use in our analysis, takes into account of all possible paths satisfying the semiclassical ansatz -irrespective of he multiple mapping of the part/whole of the space-time. The above statement can be better appreciated in the language of pathintegrals.
The Feynman propagator G F (x, y|g) for a scalar field, of mass m, propagating in a background metric g ik can be written in two equivalent forms as
where Dx is the measure of the path. In the first form, R(x, y) is the proper length of a path connecting the events x and y, calculated with the background metric g ik and the sum is over all paths. It is also possible to show that the result is equivalent to the second expression. In the case of space-times where there are no multiple mappings then the measure (of all sets) of paths will be the same. However, in the space-times where part/whole of the manifold is multiply mapped, the measure of certain sets of paths will be different from certain other sets of paths. Hence, it is necessary to do a global analysis of the background space-time to identify the measure of the paths. Similarly, in the method of complex paths, the family of paths we use to calculate the emission and absorption probability takes into account of all paths irrespective of the multiple mapping of the part/whole of the space-time. These facts will have bearing on the interpretation of temperature as explained in Sec. (4). Our result is of physical significance for the following reason: it is normally assumed that the evaporation process results from an instability of the vacuum in the presence of background metric. The particles are produced at a constant rate suggesting that the Hawking radiation converts the mass of the black hole into energy, thereby decreasing the mass. The decrease in the black hole mass is a physical effect and should be independent of the coordinate transformations and hence Hawking radiation should be covariant. Here we show that this is indeed true by the method of complex paths as far as these coordinates are concerned.
Before concluding this section, we would like to stress the following point: There is no correspondence between the particles detected by a detector (which is coupled to a quantum field φ) and the particle spectrum obtained by the field theoretic analysis. This result is known in the context of flat space-times. For example, in the case of uniformly rotating detector, the expectation value of the rotational number operator in the Minkowski space-time is zero whereas the response of a uniformly rotating UnruhDewitt detector is non-zero (For more examples see, Refs. [1, 19, 14, 15] ). In the case of classical gravitational backgrounds, defining particles using the particle detectors is non-trivial. The trouble in defining the particle detectors is that the inertial detectors become free falling detectors and in general no two free falling observers will agree on a choice of vacuum. Only in exceptional cases in high symmetry will a set of detector exist that all register no particles, and this set may not even be free falling. These facts will have important implications in comparing the results of a freely falling detector in the Schwarzschild space-time [18] to that of the particle spectrum we obtain for the Lemaitre coordinates in Sec. (4.1).
The organization of the paper is as follows. In Sec. (2), the method of complex paths, as applied to Schwarzschild like space-times, is briefly recapitulated. In Sec. (3), we briefly describe the definition of R and T regions of the spherically symmetric space-times and also discuss the properties of the two coordinates which is of our interest, namely Lemaitre coordinate and Painlevé metric. In Sec. (4), we apply the method of complex paths to the two coordinate systems and obtain the temperature corresponding to the radiation. Finally in Sec. (5) we summarize the results of this paper.
Through out this paper, the metric signature we shall adopt is (+ − −−) and the quantum field is a scalar field.
Hawking radiation in Schwarzschild coordinate
In this section, we briefly describe the recovery of Hawking radiation in the Schwarzschild coordinates using the method of complex paths. We do this in (1 + 1) dimensions since all the physics is contained in the (t, r) plane. The generalization to a massive field and to (1 + 3) dimensions is straight forward. Consider a certain patch of space-time in (1 + 1) dimensions, which -in a suitable coordinate system -has the line element, (with c = 1)
where B(r) is an arbitrary function of r. We assume that the function B(r) vanishes at some r = r 0 with B ′ (r) = dB/dr being finite and nonzero at r 0 . The point r = r 0 indicates the presence of a horizon. It can be easily verified that no physical singularity exists at the horizon since the curvature invariants do not have a singularity on the horizon. Therefore, near the horizon, we expand B(r) as
where it is assumed that R(r 0 ) = 0. The equation satisfied by the minimally coupled massless scalar field in the above background metric is,
The semiclassical wave functions satisfying the above equation are obtained by making the standard ansatz for Φ which is,
where S is a function which is expanded in powers ofh of the form
Substituting into the wave equation (6) and neglecting terms of orderh and greater, we find to the lowest order,
Eq. (9) is just the Hamilton-Jacobi equation satisfied by a massless particle moving in the space-time determined by the line element (4) . The solution to the above equation is
The semiclassical kernel K(r 2 , t 2 ; r 1 , t 1 ) for the particle to propagate from (t 1 , r 1 ) to (t 2 , r 2 ) in the saddle point approximation can be written down immediately as.
where S 0 is the action functional satisfying the classical Hamilton-Jacobi equation in the massless limit and N is a suitable normalization constant. The sign ambiguity (of the square root) in Eq. (10) is related to the "outgoing" (p r = ∂S 0 /∂r > 0) or "in-going" (∂S 0 /∂r < 0) nature of the particle. [The momentum of the particle moving in r is given by p r = ∂S 0 /∂r. Hence, p r > 0 corresponds to outgoing particle w.r.t the horizon.] As long as points 1 and 2, between which the transition amplitude is calculated, are on the same side of the horizon (i.e. both are in the region r > r 0 or in the region r < r 0 ), the integral in the action is well defined and real. But if the points are located on opposite sides of the horizon then the integral does not exist due to the divergence of B −1 (r) at r = r 0 . Therefore, in order to obtain the probability amplitude for crossing the horizon we have to give an extra prescription for evaluating the integral [13] . Since the horizon defined by B(r 0 ) = 0 is null we may carry out the calculation in Euclidean space or -equivalently-use an appropriate iǫ prescription to specify the complex contour over which the integral has to be performed around r = r 0 . The prescription we use is that we should take the contour for defining the integral to be an infinitesimal semi-circle above the pole at r = r 0 for outgoing particles on the left of the horizon and ingoing particles on the right. Similarly, for in-going particles on the left and outgoing particles on the right of the horizon (which corresponds to a time reversed situation of the previous cases) the contour should be an an infinitesimal semi-circle below the pole at r = r 0 . Equivalently, this amounts to pushing the singularity at r = r 0 to r = r 0 ∓ iǫ where the upper sign should be chosen for outgoing particles on the left and in-going particles on the right while the lower sign should be chosen for in-going particles on the left and outgoing particles on the right. For the Schwarzschild case, this amounts to adding an imaginary part to the mass since r 0 = 2M .
The prescription outlined above has its origin and basis in the method of complex paths which is outlined in Ref. [4] (see also [5] ). This method is used to compute the transmission and reflection coefficients in standard semiclassical quantum mechanics by specifying a suitable complex contour for a given tunneling scenario. This contour is chosen between two semiclassical regions (where the wave function can be approximated using the semiclassical ansatz with negligible error) such that the semiclassical approximation holds all along the contour. If singularities, which represent distinctive features of the system under consideration, are present in the quantum system and these lie between the semiclassical regions, the appropriate complex contour contains useful information that decides the steady state behavior of the system. The complex path is identified from a region, say L (a superposition of the incident and the reflected wave), to a second region R (just contains the transmitted wave) is identified from R to L such that (a) all along the path the semiclassical ansatz is valid and (b) the reflected wave is exponentially greater than the incident wave atleast in the latter part of tha path near the region L. The transmitted wave is then moved along the path to obtain the reflected wave and thus the amplitude of reflection is identified in terms of the transmission amplitude. Having done this, the normalization condition is used, i.e., the sum of the modulus square of the transmission and reflection amplitudes should equal unity, to determine the exact values of the transmission and reflection coefficients.
In the black hole space-times considered in this section, the singularity that appears in the action functional in Eq. (10) is directly attributable to the presence of a horizon. Since the semiclassical approximation is applicable on either side of the horizon and arbitrarily close to it, the complex contours needed to bypass the singularity follow from the demand that the semiclassical approximation hold all along the contour. The type of singularity encountered here is similar to that encountered in the one-dimensional Schrödinger system with a potential of the form (−1/x 2 ). The method of complex paths gives the appropriate contours when dealing with right moving or left moving waves propagating across the singularity at x = 0.
Consider therefore, an outgoing particle (∂S 0 /∂r > 0) at r = r 1 < r 0 . The modulus square of the amplitude for this particle to cross the horizon gives the probability of emission of the particle. The contribution to S 0 in the ranges (r 1 , r 0 − ǫ) and (r 0 + ǫ, r 2 ) is real. Therefore, choosing the contour to lie in the upper complex plane,
where the minus sign in front of the integral corresponds to the initial condition that ∂S 0 /∂r > 0 at r = r 1 < r 0 . For the sake of definiteness we have assumed R(r 0 ) in Eq. (5) to be positive, so that B(r) < 0 when r < r 0 . (For the case when R < 0, the answer has to be modified by a sign change.) The same result is obtained when an in-going particle (∂S 0 /∂r < 0) is considered at r = r 1 < r 0 . The contour for this case must be chosen to lie in the lower complex plane. The amplitude for this particle to cross the horizon is the same as that of the outgoing particle due to the time reversal invariance symmetry obeyed by the system. For an in-going particle (∂S 0 /∂r < 0) at r = r 2 > r 0 , choosing the contour to lie in the upper complex plane, we get,
The same result is obtained when an outgoing particle (∂S 0 /∂r > 0) is considered at r = r 2 > r 0 . The contour for this case should be in the lower complex plane and the amplitude for this particle to cross the horizon is the same as that of the in-going particle due to time reversal invariance. Taking the modulus square to obtain the probability P , we get,
Using the interpretation of Hartle and Hawking [3] , the above relation shows the thermal behavior of emitted particles. Comparing Eq. (1) and Eq. (14), we identify the temperature of the horizon in terms of R(r 0 ). Eq. (14) is based on the assumption that R > 0. If R < 0, one can show that, there will be a change of sign in the equation. Incorporating both the cases, the general formula for the horizon temperature β −1 =h|R|/4π. For the Schwarzschild black hole, R = (2M ) −1 , and the temperature is β −1 = h/8πM . For the de Sitter space-time, R = H, giving β −1 =hH/2π. Although Reissner-Nordstrom space-time has a complicated space-time structure, using the method of complex paths we can obtain the correct temperature in a straight forward manner. The prescription given for handling the singularity is analogous to the analytic continuation in time proposed by Hartle and Hawking [3] to derive Black hole radiance.
Non-singular coordinates in Schwarzschild manifold
In this section, we discuss the properties of the two coordinates, Painlevé and Lemaitre, which are of our interest in this paper. The space-time structure of these two coordinates are best analyzed using R and T regions introduced by Novikov [16] . For the sake of completeness, we briefly outline key features of R and T regions of spherically symmetric space-times.
R and T regions for spherically symmetric space-times
The general expression for the interval in a spherically symmetric field can be written in the following form:
Here x 0 is the time coordinate, x 1 is the radial space coordinate, and dΩ 2 is the angular line element. [ν, λ and µ are the functions of x 0 and x 1 .] The reason for such a general line element for centrally symmetric gravitational field because the choice of "radius vector" is arbitrary. This is due to the fact that there is no quantity which has all the properties of the Euclidean radius vector. Hence, because of this arbitrariness in the choice of reference in general relativity, one can subject the coordinates to any transformation which does not destroy the spherical symmetry of the metric.
We assume that, at spatial infinity, the metric is Euclidean, and the expression for the interval in spherical coordinates becomes
Changes of the coordinates x 0 and x
leave the spherical symmetry unaffected. Using a transformation of this type, we set
where the old coordinates have primes; then we select
′ ) so that the metric component g 10 vanishes, which is always possible. The expression for the interval in Eq. (15) takes on the form
The transformation in (18) , which brings the interval to the form in (19) can, however, lead to a singular metric. The transformation in (18) can also lead to line elements of the form in (19) , in which the metric component g 00 is negative and g 11 is positive. In such cases, the quantity (g 11 ) 1/2 dx 1 measures the proper time of a particle in this coordinate system implying that x 1 should be treated as the time coordinate. Hence, the expression for the interval will read
Thus, by using a transformation of the type given in (18) , one can bring the interval of a spherical gravitational field either to the form in (19) or to the form in (20). If at the given event in the general coordinate system in (15), the inequality,
is satisfied, then the event is in an R-region. If the opposite inequality is satisfied, the event is in a T-region. The equality condition is an additional condition to the system of the gravitational field equations and therefore for an arbitrary spherically symmetric distribution in vacuum, it may not be possible to fulfill it in any four-dimensional region. The equality determines the boundary between R-and T-regions. The definitions of R-and T-regions can be shown to be coordinate invariant. These will be found useful in understanding global space-time structure of Lemaitre and Painlevé coordinates.
The Lemaitre coordinate system
We consider here the Lemaitre coordinate system which is a set of non-static coordinates like the Kruskal coordinate. The coordinate transformation from the Schwarzschild coordinates (t, r) to Lemaitre coordinates are,
Choosing the positive sign in the above transformations, the Schwarzschild line element becomes,
It is easy to see from the transformations in Eq. (22) that the Schwarzschild r coordinate is given by the relation
Hence the horizon r = 2M corresponds to the value 3(R − τ )/4M = 1. Note that the quantity (R − τ ) can never be negative since it corresponds to the Schwarzschild radial coordinate. The coordinate R is everywhere space-like while the coordinate τ is everywhere time-like. The metric above is non-stationary and test particles at rest relative to the reference system are particles moving freely in the given field. It can be easily shown (see Ref. [8] ) that even in this coordinate, particles cannot remain at rest for r < 2M . If we choose minus sign in Eq. (22), the Schwarzschild line element becomes
Note that the sign of τ has changed. This metric describes a system where particles trajectories move outward from the singularity at r = 0. This is analogous to the part of Kruskal coordinate where the past singularity and the time reversed Schwarzschild sector represent such a feature. This metric will be used when the action for outward moving particles needs to be considered. These coordinates can be modeled as that natural to a freely falling observer whose velocity at radial infinity is zero. The time coordinate τ measures the proper time of free falling observers; each observer moves along a line R = constant. Using the criteria for R-and T-regions, defined in Sec. (3.1), we find that the region outside the Schwarzschild sphere, for the line element in (23), i.e., where
is a R-region; but the region inside the Schwarzschild sphere, where the inequality is opposite to the above inequality, is a T-region. In the T-region there is an obvious asymmetry in the direction of time flow. In the T-region (T − ), corresponding to the line element in (23), the test particles cannot remain at rest and these test particles will be directed towards r = 0 where the curvature invariants are infinite. The line element in (25) will define second type of T-regions -an expanding region T + , which has completely opposite properties. Here all bodies move away from the singularity to the R-regions. A vacuum T + -region can be joined to the internal solution for an expanding sphere, but not to that for a contracting sphere as in the case for a T − -region. For a physically realizable event, the coexistence of T + and T − regions is impossible. In other words, the T region of the standard Schwarzschild is a doubly mapped T region in Lemaitre.
The above analysis will be useful for our semiclassical treatment given in Sec. (4.1). As mentioned earlier, the complex paths we use in our analysis, takes into account of all possible paths satisfying the semiclassical ansatz -irrespective of the multiple mapping of the part of the space-time. In principle, if the whole of space-time is doubly mapped w.r.t. the Schwarzschild space-time, there will be two distinct Rand T-regions. The complex paths, as used in Sec. (2), will have contributions from both of these which have no common point due to each path being in different R-and T-regions. Hence, the contribution to the amplitude of emission/absorption by these two paths will be mutually exclusive. In the case of Lemaitre coordinate, however, only part of the region(T-) is doubly mapped, it is always possible to find one point that is common to the paths contributing to absorption/emission. Hence, these paths are not mutually exclusive. These paths, on the other hand, will be mutually exclusive when one considers the probability amplitude -which is the important quantity in our approach. Hence, the action we obtain by regularizing the singularity and the resulting probability amplitude, for absorption/emission, will have equal contributions from both these paths.
Painlevé metric
In this section, we consider Painlevé coordinates, the other representation of the Schwarzschild space-time which is of our interest (for a discussion see Ref. [17] ). The metric in these coordinates is non-singular at the horizon just as in the previous case but, unlike the Lemaitre metric, it is stationary. The coordinate transformation from the Schwarzschild coordinates (t, r, θ, φ) to the Painlevé coordinates (τ P , r, θ, φ) is given by
Note that only the Schwarzschild time coordinate is transformed. The radial coordinate remains the same (as do the angular coordinates). The line element, in these new coordinates, is given by
The metric is stationary and the constant time slice is simply flat Euclidean space. Another line element is easily obtained by considering the transformation of the form
which leads to the equivalent line element
The line elements (28) and (30) can be written in a compact form
One can notice that the indefiniteness in the sign in coordinate transformation is same as encountered in Lemaitre coordinate. The line elements in Eq. (31) correspond to the ingoing and outgoing null geodesics.
[ Figure ( 2) shows the Penrose diagram of the Schwarzschild space. As described earlier, (r, τ P ) for the upper sign in the above line-element cover regions R and T .] In terms of r and τ P , these are given by ingoing : In the case of Lemaitre coordinate, we identified that the physical extension of the external Schwarzschild space-time to the region inside the Schwarzschild sphere has a doubled valued nature by splitting the space-time defined using R-and T-regions. We make use of the same formalism here to analyze the space-time structure of the Painlevé metric.
In our earlier discussion of R-and T-regions in Sec. (3.1), these regions were defined for the line elements not involving mixed components g 0i . The mixed components, for spherically symmetric space-times, can be set equal to zero inasmuch as rotation is absent by the assumption of sphericity. Hence in the literature, the definition of R-and T-regions for space-times with the mixed components is not considered. In order to identify R-and T-regions in the Painlevé coordinate, we first obtain below a transformation connecting Painlevé and Lemaitre coordinates (τ, R, θ, φ).
Noting that the constant time slice is a flat Euclidean space for the Painlevé metric, we transform the coordinate variables of Lemaitre as (28) and (30), the inequality satisfied for the Rregion is r > 2M . Hence, for the two line elements of the Painlevé metric, R-and Tregions are the same -the whole of the space-time is doubly mapped. As mentioned in the earlier subsection, the contribution to the amplitude of absorption/emission will be from two mutually exclusive paths.
Semiclassical treatment
In this section, we consider particle production in the two coordinate systems described in the previous section by the semiclassical method which was outlined in Sec. (2) . The semiclassical wavefunction for the quantized scalar field and consequently the semiclassical propagator is written down and by regularizing the singularity in the action functional by complex extension and Hawking radiation is obtained for both these coordinate systems. Before, we proceed with the application of the method of complex paths in these coordinates, we would like to point the readers that the method of complex paths does not require the Killing vectors to be time-like. Noting that the method requires to separate the non-linear partial differential equation into an ordinary differential equation for identifying the singularities, we need to use the ansatz,
where ξ represents the coordinate associted to the Killing vector. However, the Killing vector need not coincide asymptotically with the Minkowski time. In the case of Painlevé (and Schwarzschild), as we will notice, ξ coincides with the Minkowski time asymptotically while ξ is a light cone coordinate in the case of Lemaitre and does not coincide with the Minkowski coordinate asymptotically.
Lemaitre coordinate
The method described in Sec. (2) in obtaining the thermal spectrum for the Schwarzschild coordinate will be used here without modification. We consider the minimally, coupled, massless, scalar field propagating in the Lemaitre background. The system we first consider is that for in-going particles described by the metric in Eq. (23). Since the entire physics is contained in the (τ, R) plane, we separate out the angular variables and set
where U and V are dimensionless parameters given by
Note that the horizon is the surface U = 1. Making the usual semiclassical ansatz for Ψ as done in Eq. (7) and expanding the S in powers ofh as done in Eq. (8) one finds, to lowest order,
(37) The above equation is just the Hamilton-Jacobi equation satisfied by a massless particle moving in the space time determined by the line element in (23). Specializing to the case l = 0 for simplicity, and making the ansatz S 0 = −4M EV /3 + f (U ), we obtain,
where the ± signs arise from taking square roots. Notice that the denominator is singular at U = 1 only for the positive sign. This singular solution for f evidently corresponds to outgoing particles [(∂S 0 /∂U ) > 0]. Therefore choosing the positive sign and making the convenient change of variable x 3 = U , the solution to Eq. (37) is given by
[Note: The constant of integration E is the "energy" of the particle corresponding to the dimensionless variable V . In order to get the correct definition (of E at the future infinity), we need to set S = −4M EV /3 + f (U ).] It is clear that the action function is singular at the horizon x = 1. Following the method outlined in Sec. (2) and regularizing the singularity by complex contour lying in the upper complex plane, we obtain
In order to obtain the action for absorption of particles corresponding to the ingoing particles [(∂S 0 /∂x) < 0], we have to repeat the above calculation using the metric given in Eq. (25). In this case, it is easy to see that the only singular solution corresponds to in-going particles and so
where the minus sign arises from choosing the appropriate complex contour given by the semiclassical prescription outlined in Sec. (2) . [Note here that in the calculation of S 0 , we do not require the prescription of pushing the singularity at the horizon required in the case of Schwarzschild coordinate in Ref. [4] .] Constructing the semiclassical propagator in the usual manner and taking the modulus square we obtain the probability. From the earlier discussions [see Sec. (3.
3)], we know that in calculating the probability of absorption/emission there is an extra contribution due to multiple mapping of part of the space-time and that the total contribution to the probability is from four sets of the complex paths satisfying the semiclassical ansatz. Taking this into account by dividing S 0 by four, we obtain
Thus, the exponential dependence of the energy allows us to give the thermal interpretation to this result, which shows that the temperature of the emission spectrum is the standard Hawking temperature. [Note that the if we translate the action in Eq. (40) in terms of the Schwarzschild coordinates (t,r), we find
The factor 2 appears in the action due to the multiple mapping of the part of the Lemaitre coordinate (w. r. t. the Schwarzschild coordinate).] In Ref. [4] , the authors have shown explicitly that close to the horizon, the terms containing the mass and angular part does not contribute significantly. Similar results hold in our case and the above analysis is therefore applicable to both massless and massive scalar particles.
It has been shown by Davies[18] that a freely falling detector will see a particle spectrum different from the thermal spectrum. Comparison with our result shows that there is no correspondence between the particles detected by the model detector and the particle spectrum obtained by the field theoretic analysis -a result well known in other contexts as well.
In the next subsection, we will do similar analysis for the Painlevé metric and obtain the Hawking temperature by regularizing the singularity in the action functional by the complex extension.
Painlevé metric
We proceed with the semiclassical analysis for the Painlevé metric, as done in the previous subsection. As before, we consider a minimally coupled massless scalar field Φ. Since all the relevant physics is contained in the (τ P , r) plane, we set
Making the usual semiclassical ansatz for Ψ as done in Eq. (7) and expanding the S in powers ofh as done in Eq. (8) one finds, to lowest order,
This is the Hamilton-Jacobi equation for a massless particle moving in a space-time determined by the metric Eq. (28). Introducing a dimensionless variable ρ = r/2M and considering the s-waves, i.e. l = 0, for simplicity, the solution to the above equation is easily found to be,
The denominator is singular at ρ = 1 only for the positive sign. Note that ρ = 1 corresponds to the black hole horizon. The singular solution for S 0 evidently corresponds to outgoing particles [(∂S 0 /∂ρ) > 0]. Following the method outlined in Sec. (2) and regularizing the singularity by a complex contour lying in the upper complex plane and using the arguments in Sec. (3.3) , we obtain
In this case, the action that has been calculated is interpreted to be that for emission by analogy with that done in Sec. (2) . In order to obtain the action for absorption of particles corresponding to the ingoing particles [(∂S 0 /∂ρ) < 0], we have to consider the Hamilton-Jacobi equation for the metric in Eq. (30) and repeating the above calculations and using the arguments above we obtain
where the minus sign arises from choosing the complex contour lying in the upper complex plane given by the semiclassical prescription outlined in Sec. (2) . Here again we notice that the calculation of S 0 does not require any prescription, just like in the Lemaitre coordinate, as against the Schwarzschild coordinate. By constructing the semiclassical propagator in the usual manner and taking the modulus square to get the probability, we obtain
Here again, the exponential dependence of the energy allows us to give the thermal interpretation to this result, which shows that the temperature of the emission spectrum is the standard Hawking temperature. It may be noted that in our interpretation, we consider the amplitude for pair creation both inside and outside the horizon. This is different from the treatment of Hawking radiation obtained recently by Parikh and Wilczek [9] . The authors considered Hawking radiation as a pair creation outside the horizon, with the negative energy particle tunneling into the black hole. The tunneling of particles produced just inside the horizon also contributes to the Hawking radiation and is incorporated in our formalism.
Conclusions
We have studied the spectrum of created particles in two coordinate representations, Painlevé and Lemaitre, of the Schwarzschild space-time for a linear, massless scalar field using the method of complex paths. We have found that in both these coordinate representations the spectrum of radiation is thermal and the temperature is same as the standard Hawking temperature. The classical space-time analysis of these two coordinates is done using R-and T-regions introduced by Novikov [16] . In Ref. [3] , Hartle and Hawking calculated the probability amplitude for the emission and absorption by identifying the particular path for the particles to cross the horizon, i.e. the in-going and out-going paths which requires a detailed study of particle trajectories. As we have seen, analysis of these two coordinates, Painlevé and Lemaitre, using R-and T-regions provides an elegant method in understanding the global structure of the space-time, thus making the detailed analysis of particle trajectories unnecessary.
The physical effect of Hawking radiation is related to the decrease in the mass of the black hole; the mass being converted into energy, thus implying the radiation emitted should be covariant. In order to prove the covariance of Hawking radiation, we would like to have a general proof for all the coordinate representations of the Schwarzschild space-time. However, a general result showing the 'general covariance of Hawking radiation' is really a difficult task. Hence, we have considered two coordinate systems whose properties are different from that of the Schwarzschild metric i.e. both are non-static and do not possess singularity at the horizon. Using the method of complex paths, we have shown that in both these coordinate representations, Painlevé and Lemaitre, the spectrum of particle emitted is thermal and the temperature is the standard Hawking temperature(1/(8πM )) and hence indicating covariance of the Hawking radiation as far as these coordinates are concerned. Thus, we have shown that even-though the action satisfies a generally covariant HJ equation, when one transforms coordinates, the action integral develops poles and this can be interpreted by using Novikov's R and T regions analysis of the space-time manifold.
The analysis which we have performed, in our paper, considers the amplitude for pair creation for both inside and outside the horizon. Our treatment is different from the treatment of Hawking radiation obtained by Parikh and Wilczek [9] . In our approach, the tunneling of particles just produced inside the horizon (tunneling in the context of non-relativistic quantum mechanics)as well as the pair creation just outside the horizon (over the barrier reflection) contributes to the Hawking radiation.
The only analysis that has been performed in the literature is that of the particle spectrum of a freely falling detector. It has been shown by Davies[18] that a freely falling detector will see a particle spectrum different from the thermal spectrum.
Comparison with results of Lemaitre coordinate, which is natural to a freely falling observer, shows that there is no correspondence between the particles detected by the model detector and the particle spectrum obtained by the field theoretic analysis -a result known in contexts of flat space-times (see Ref. [1] and references therein).
